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1. Let us assume that an asset price S follows the process
dS = puSdt+ oSd=z.
Under the assumption above, the cubic S® of the asset price follows the process
dS® = (3u+ 202)83dt + 305%dz.
Correspondingly, the expected value of the cubic of the asset price at time 7" in future is
E[S3] — 8 (But20")T
Suppose that you are about to sell an exotic forward contract which pays off an amout of 83 — K at
the maturity of the contract, six months from now. The current asset price is S = €10, the volatility of

the asset price is ¢ = 0.30, the expected return of the asset is u = 12.8%, and the risk-free rate is r = 4.00%.

a) Determine the delivery price K which sets the initial value of the contract equal to zero.

b) How many shares of the underlying asset is needed to delta-nautralize a short position of 250 contracts?



2. The table below provides a monthly time-series of an asset price and the month 6 futures price of the asset.

A B C D E F G H
1 | Time in months 0 1 2 3 4 5 6
2 | Asset price 20.00 19.20 19.80 19.25 18.90 18.80 19.00
3 | Month 6 futures price 20.50 19.60 20.13 19.49 19.06 18.88 19.00
4 | Margin requirement 2.00 2.00 2.00 2.00 2.00 2.00 2.00
5 | Deposit by us 2.00
6 | Deposit by the exchange 0.00
7 | Margin account 2.00

Calculate the deposits and the level of the margin account in a case of short position of one futures contract.
The margining of the contract is assumed to be carried out on a monthly basis. Show the calculations below,
and fill in the missing values in the table.



3. The table below provides the short positions in three options on an asset.

A B| C D E F G H I J
1 | Asset price 20
2 | Volatility (%) 40

3 | Risk-free rate (%) 3

4 Position

5 | Option type X| T D1 N(D1) | Delta Gamma | N Delta Gamma
6 | Call 22 [ 0.81 | —0.0173 | 0.4931 —30

7 | Call 18 | 0.36 0.6040 | 0.7271 —-24

8 | Put 16 | 0.64 0.9173 | 0.8205 —10

9 | Total

10

11 | Put option (hedge) | 20 | 1.00 0.2750 | 0.6083

12 | Asset (hedge)

13 | Total

The table provides the strike prices X and the maturities T" of the shorted options, and those of an option,
which is available for the neutralizing of the position with respect to its gamma. The table also pro-
vides the number N of the contracts sold for each of the three shorted options. The values of d; as well as
the corresponding cumulative probabilities N(d1) of the standardized normal distribution are also available:

. In(S/X) + (r — $)T
oVT '

a) How many option contracts is needed to gamma-neutralize the shorted option position?
b) How many asset shares is needed to delta-neutralize the gamma-neutralized total position?

Calculate below, and fill in the table, the values of F6:F8, F11:F12, G6:G8, G11:G12, H11:H12, 16:19,
111:113, J6:J9 and J11:J13.

Calculate the values of the deltas and the gammas of the contracts with a precision of four decimals, and
the delta and the gammas of the position with a precision of two decimals. Round the number of contracts
to the nearest integer.



4. The table below provides the quotations of interest rate futures and options on interest rate futures.

Interest rate futures / Options on interest rate futures

Three-month Euribor rate 1.478%

Futures price 98.520

Futures option quotations Call Strike Put
0.02 99.00 0.48
0.04 98.50 0.03
0.57 98.00 0.02
1.04 97.50 0.01
1.53 97.00 0.01

Contract unit is €1’°000°000.

Quotes are in percentage points.

a) What is the payoff from a short position of 20 futures contracts, if the forward interest rate of the period
in question is 1.8% at the time of the closing of the position, and the futures price is strictly in line with
the quoted forward interest rate?

b) What is the bying price of 20 put options on futures with the strike of 99.0007



The table below provides the payoff structure of an option. The current price of the underlying asset is €20,
the volatility of the asset is 40%, the risk-free rate is 3%, and the time-to-maturity of the contract is six

months. You may consider the structure as a modification of the Black-Scholes model or as a combination
of plain vanilla options.

Asset price Payoff

St <15 15 - St
15<Sr <20 0
20< 857 <25 Sr—20

St > 25 5

a) Calculate the value of the option.

b) Calculate the delta of the option.



(1)

(2)

(3)
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(6)

(1)

(2)

(3)

(4)

(5)

(6)

Asset price process:

dS = (u—q)Sdt + oSdz

K} of 102 0
df = (% pw—q)8+ 6—{ + 5#0282) dt + %anz
E¢(Sr) = Sieh—a)(T—1)

Stdy(St) = Ste(u—q)(T—t)\/eUZ(T_—t)_l
. .
m = Ey(lnSt) =In S + (p— q-— ?)(T— £)

§ = Stdi(InSt) = ovVT — ¢
Notice:

In the case of a non-dividend-paying asset, ignore the dividend yield q.

In the case of an exchange rate, replace u with the risk-free rate r,
and ¢ with the foreign currency risk-free rate ry.

In the case of a forward/futures price, replace g with the risk-free rate r.

In the case of a risk-neutral process, replace y with the risk-free rate r.

Forward contract

e =e " T NESy — K] =e 7T / (St — K) p(Sr) dSt

- .
— T / S #(Sr) dSt — K / A(Sr) dST]
L S e

= e " T [E(Sp) — K]

— e @0 [p _ K]
— o—T(T-1) [So (Tt _ K]

=S5p — Ke (T



(5)

(2)

(3)

(4)

European call option:

¢ = €T Bimaz(0, Sy — X)] = e~"T—1) / (St — X) (S7) dSr

=T / St p(St) dST—X/ (St) dSTJ
X X

S
X TssT\/?? X 331‘\/2_?r =

[ poo 1 —(In Sp—mn)? ©o —(In Sp—m)?
= "(T—1) / ———¢e¢ 22 dSt— _— _273:2__ ds

i o ) .
—r(T—t) E(SﬂN(m InX +s ) —XN(m SlnX)]
s

oVT — 1t oI —t

_ geaT0y (1:1(5,_/)() +(r—gq+Z)T - z)) ety (m(st/X) +(r=qg—F)T= a))

European put option:

pe = e T0 Elmas(0,X — Sp)] =T [ (X — 1) (S1) dSr
X

o .
_erT-0| x / B(Sr) dSr — / Sr H(Sr) dST]

—(in sT—m)2

= e_T(T_t) 2s

1
X ——e
i LooSSTV27T

[ 5 . B 2
— o—(T-1) XN(—m 1nX>} —E(ST)N(—m lnsX—I-s )
s

f(ms —m)2
S 2 das
/ T s Spv/2m L) STV 27T ’ T]

- Xe—r(T—t)N( In(Si/X) +(r—q— )T - f—)) — ST ( _In(Sy/X) +(r— g+ F)T -

oT —t oVl —1

Notice:

Equations (3) and (4) assume lognormally distiributed price at time 7.
- = E(InSr), s = Std(In St)

Equation (5) assumes geometric Brownian motion of asset price.
—m=FE(nSr)=1n8; + (r — q¢ — 02/2)(T — t), s = Std(In S) = o/T —

Currency options: Apply (5), replace ¢ with the foreign currency risk-free rate r;.
Futures options: Apply (5), replace S; with the futures price F;, and ¢ with the risk-free rate 7.

Bond options: Apply (5), replace S; with the forward price F; of the bond, ¢ with the risk-free
rate r, and o with the volatility rate =35 /VT —t, where 3 is the standard deviation of In Fr.

t))



Delta of a European call option:

(1) = Sie T ON(dy) — Xe "IN (dp)

Bct _ - _ _ 8d1 _ . de
2 o q(T—t) N q(T—t) nrt 2l x r(T t)Nl )
@) - (d1) + Sue™ 4T ON"(dy) 52t~ Xe (@) 3¢
1 -4 1 1 _d} 1
3 — e~ 9T-t) N(d S,e—9(T—1) - — Xe (Tt p
) © (di) + Sie \/271'6 ’ Sio/T —t ) \/271'e SiovVT —t
4 =T N(dy)

Delta of a European put option:

(1) pe=Xe " TION(-dy) — Sie T IN(~dy)

0Pt _ (@) O(=da)  _—qr-9) —g(T—t) 1.y O(=da)
@ 35 =Xe N'(=dy) —55= —e¢ N(—dy) + Sie N'(d) “5g
1 —dz ]_ 1 —d2 1
3 =_X —r(T—t) -2 _ —q(T—%) N(=d:) =S —q(T—1) _21.
®) T Sovr=i © (=du) = 5™ e T =
(49 =TI N(d) - 1]

Delta and gamma of a European call option and a European put option:

ody

Bzct szt _ oa
05;

5 =k A fall —q(T—1) prt

(6) = ¢~ 2(T—%) L ei:L L

Notice:

Equation (3) is a general result, which holds true, even if the trigger price levels X in d;, and
dy, and the strike price X in the main equation, differ from each other.

Some basic calculus:

Inzy =lnz+1Iny lng- =lnz—-Iny ef @ ed(@) = Fl@)+e()

D[f(@)g(@)] = f'(@)9(2) + f ()9 (=)

D r f[g(x)]] = f'lg(x)lg (z)
1
f(x)

D|f(@)"] = nf(@)"f'(a) D[e/@)] = f'(z)e!® D[n f(a)] = £'(=)
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