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1. Let us assume that an asset price S follows the process
dS = pSdt 4 05dz.

Under the assumption above, the natural logarithm In .S of the asset price follows the process

o2

dln S = (/,L— 7>dt+odz.

Correspondingly, the expected value of the natural logarithm of the asset price at time T in future is

o2
E[lnS]=InS + (,u - 7)T
_Suppose that you are about to sell an exotic forward contract which pays off an amout of InS — K at
the maturity of the contract, six months from now. The current asset price is § = €10, the volatility of

the asset price is 0 = 0.30, the expected return of the asset is 4 = 12.8%, and the risk-free rate is r = 4.00%.

a) Determine the delivery price K which sets the initial value of the contract equal to zero.

b) How many shares of the underlying asset is needed to delta-nautralize a short position of 250 contracts?



2. The table below provides a monthly time-series of an asset price and the month 6 put option price (X = 20).

A B C D E F G H
1 | Time in months 0 il 2 3 4 5 6
2 | Asset price 20.00 19.20 19.40 18.90 18.40 18.55 18.25
3 | Month 6 put option price 1.25 1.55 1.34 1.51 1.75 1.51 1.75
4 | Margin requirement 3.25 3.47 3.28 3.40 3.59 3.37 3.58
5 | Deposit by us 3.25
6 | Deposit by the exchange 0.00
7 | Margin account 3.25

Calculate the deposits and the level of the margin account in a case of short position of one option contract.
The margining of the contract is assumed to be carried out on a monthly basis. Show the calculations
below, and fill in the missing values in the table.



3. The table below provides the short positions in three options on an asset.

A B| C D E F G H I J
1 | Asset price 30
2 | Volatility (%) 40
3 | Risk-free rate (%) 3
4 Position
5 | Option type X| T D1 N(D1) | Delta Gamma | N Delta Gamma
6 | Call 32 | 0.81 | 0.0682 | 0.5272 -30
7 | Call 29 | 0.36 | 0.3063 | 0.6203 -20
8 | Put 27 | 0.64 | 0.5493 | 0.7086 -10
9 | Total
10

11 | Put option (hedge) | 28 | 1.00 | 0.4475 | 0.6727

12 | Asset (hedge)

13 | Total

The table provides the strike prices X and the maturities 7' of the shorted options, and those of an option,
which is available for the neutralizing of the position with respect to its gamma. The table also pro-
vides the number IV of the contracts sold for each of the three shorted options. The values of d; as well as
the corresponding cumulative probabilities N(dy) of the standardized normal distribution are also available:

~ In(8/X) + (r - %Z)T
= T )

a) How many option contracts is needed to gamma-neutralize the shorted option position?

dy

b) How many asset shares is needed to delta-neutralize the gamma-neutralized total position?

Calculate below, and fill in the table, the values of F6:F8, F11:F12, G6:G8, G11:G12, H11:H12, 16:19,
111:113, J6:J9 and J11:J13.

Calculate the values of the deltas and the gammas of the contracts with a precision of four decimals, and
the delta and the gammas of the position with a precision of two decimals. Round the number of contracts
to the nearest integer.






4. The table below provides the quotations of index futures and index options.

Index futures / Index options

Index value 3277.80
Futures price 3273.00
Index option quotations Call Strike Put

21.90 3500.00 321.20
45.80 3400.00 245.00
83.30 3300.00 182.30
134.80 3200.00 133.70
198.30 3100.00 97.10

Contract unit is €10.

Quotes are in index points.

a) What is the payoff from a short position of 20 futures contracts, if the futures price is 3155.00 at the
time of the closing of the position?

b) What is the bying price of 20 put options with the strike of 3200.007



The table below provides the payoff structure of an option. The current price of the underlying asset is €20,
the volatility of the asset is 40%, the risk-free rate is 3%, and the time-to-maturity of the contract is six

months. You may consider the structure as a modification of the Black-Scholes model or as a combination
of plain vanilla options.

Asset price Payoff

St < 15 0
15850 <20 St —15
2057 <256 25— 87

ST > 25 0

a) Calculate the value of the option.

b) Calculate the delta of the option.



Asset price process:
(1) dS=(p—q)Sdt+oSd=

e of 18°f 45\, . 0f
(2) df—(asu—q)5+8t+2w08 dt+8Sanz

(3) Ey(S7) = Ste(”‘Q)(T‘t)

(4)  Stdy(St) = S DT\/ea(T-t) _ 1

0.2
5) m=E(nSr) =S, + (,u,—q—?)(T—t)

6) s=85td(InSt)=0VT —t
Notice:

In the case of a non-dividend-paying asset, ignore the dividend yield q.

In the case of an exchange rate, replace u with the risk-free rate ,
and g with the foreign currency risk-free rate r;.

In the case of a forward/futures price, replace g with the risk-free rate r.

In the case of a risk-neutral process, replace y with the risk-free rate r.

Forward contract

(1) caq=e"T VRS —K]=e 7Tt / (St — K) p(St) dST

(2) =T - /_ Z St p(Sr) dSr — K /_ Z B(Sr) dST]
@) =er@TM :E(ST) - K]

4) =TT F} - K]

(5)  =eT0[5e 0 — K|

6) =Sy Ke T



(1)

(2)

(3)

4)

(5)

(1)

(2)

European call option:

¢ = &7 Elmaz(0, Sy — X)] = e 77T / (S — X) p(St) dSr
X

= "(T-1) {/ St H(ST) dST — X/ B(S5T) dST}
" X

00 1 —(In Sp—m)2 00 1 —(ln Sp—1h)?
= (T / Sp ———e~ 2.2 dSr— X ——e 27 dS
X N 8 ST\/ 2 & X 8 STV 2m J

~

- o ) .
— (Tt E(ST)N<m lnsX—l-s ) —XN(m SlnX)il

2

_ Ste—q(T—t)N(lll(Sr./X] +(r—g+ ST~ t)) (T (111(&/):) +(r—q—L)(T- t))

o —t o1 —1

European put option:

1t = €T Blmaz(0, X — Sp)] = e~ / (X — Sp) $(Sr) dSr
X

S "
= 7T X/ p(ST) dST_/ St p(5t) dST]

—(In Sp—)? —(In Sp—m)?

X1 X 1
X _— 252 dSt — Sp ———— 252 ds
| </—oo SST\/27T6 T /;oo TSST\/27T6 o

. [ . R A 2
— r(T-t) XN(—m SlnX>:|—E(ST)N<—m InX+s)

— e—r(T—t)

8

X0 ( Sy X) +f‘ ;‘: TN - ‘)) _ STy ( _ i3/ X) +§*’ = fi_:r T — f))

Notice:

Equations (3) and (4) assume lognormally distiributed price at time T'.
~ 1 = E(In St), s = Std(In St)

Equation (5) assumes geometric Brownian motion of asset price.
—m=E(nSr)=InS; + (r —q—02/2)(T —t), s = Std(ln Sg) = o/T —

Currency options: Apply (5), replace ¢ with the foreign currency risk-free rate ry.
Futures options: Apply (5), replace S; with the futures price F, and ¢ with the risk-free rate r.

Bond options: Apply (5), replace S; with the forward price F; of the bond, g with the risk-free
rate r, and o with the volatility rate &= s/ VT —t, where $ is the standard deviation of In Fr.



Delta of a European call option:

(1) =S8 TN - Xe " T-IN(dy)

act _ i - _ 8d1 = adz
9 “_ —q(T-1) q(T t)NI oLl 1'(T t) ATt
(2) 53, ¢ N(d1) + See (d1) 35, ~ N'(d, )

1 -4 1 1 -4 1

3 = e~ 9T-) N(4 + S,e9(T-1) — — Xer(T-1) e
) ¢ (da) = \/27re SiovT —t ¢ \/27re Sio/T — ¢t
4)  =e T N(dy)

Delta of a European put option:
(1) pr=XeTTUN(—dy) — Sy 1T N(—dy)

Opy _ o—r(T—1) 7/ 3( d2) o—a(T—1) —a(T—t) nrty 4.y O(=d1)
(2) GSt_X N'(—dp) —== N(—dp) + Sie N'(dy) —=— o5,

1 -4 1 1 & 1

5 = _Xe T(T-1) = — e 9Tt N(—d;) — S,e—9(T-1)
) ‘ Vot SVt ¢ (=d1) = Sie Var© | ST =i
4) =T [N(dy) — 1]

Delta and gamma of a European call option and a European put option:

0% Op —g(T—t) nrt ody
(5) TS&‘@T&‘"’ N(dl)a_s‘t
1 -1
6 — —q(T—1) .
©) ¢ \/27re ’ Sio/T —
Notice:

Equation (3) is a general result, which holds true, even if the trigger price levels X in d;, and
do, and the strike price X in the main equation, differ from each other.

Some basic calculus:
Inzy =Inz +Iny In g —Inz—lny I (@ e3(®) — of (@) +9(z)
D[f@)9(2)| = F'(@)9(z) + f(2)g (=)
D|fle@)]] = £lo(@)lg' ()

D[f(m)n] =nf(z)" 1 f(z) D[ef(x)] — fl(x)ef(a:) D[lnf(x)] =f/(m)_}_(:_l_x_)
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